We study a four-headed cat state (4HCS), namely, a superposition of four different coherent states, and propose its application to quantum phase estimation. We first investigate how the 4HCS is more nonclassical than a typical two-headed cat state (2HCS) in view of some nonclassical measures including the sub-Poissonian statistics, negativity of Wigner distribution, and entanglement potential. We then demonstrate the enhanced performance in phase estimation by employing an entangled state via the 4HCS, which can surpass that of the 2HCS particularly in the regime of small average photon number. We also show that an entangled state modified from the 4HCS can further enhance the phase estimation even in the regime of large average photon number with photon loss.
I. INTRODUCTION
In quantum mechanics, the superposition principle provides a crucial basis to observe phenomena beyond the predictions of classical physics. One example is a quantum entangled state that can exhibit stronger correlation than classically possible. Among many different superposition states, the superposition of coherent states (SCSs) with the same amplitude but two different phases has been a subject of great interest for decades. Its constituent states can be macroscopically distinguishable in the limit of large amplitude, and the SCS may become an important tool to study a lot of fundamental issues, e.g. the decoherence of macroscopic superposition state. Numerous efforts have been devoted to identifying feasible schemes to generate SCSs, together with experimental achievements, e.g., in a trapped 9 Be + ion [1] . In a high Q microwave cavity with Rb atoms [2] , the dynamics of quantum decoherence was also observed.
An entangled coherent state (ECS) is an entangled version of SCS, of which a typical form can be expressed by |ECS = N (|α |−α ±|−α |α ), with N a normalization factor. ECSs can readily be produced by feeding singlemode SCSs into a beam splitter, or by employing nonlinear Kerr medium [3] [4] [5] [6] and atomic ensemble in a cavity [7] . There are also probabilistic heralding schemes using photon subtraction or homodyne detections [8, 9] . ECSs have a wide scope of applications ranging from fundamental tests of quantum mechanics [10] [11] [12] [13] to practical quantum computation [14] [15] [16] [17] [18] , communication [19] [20] [21] , and metrology [22, 23] .
There have also been some studies to extend the quantum superposition to involve more than two component coherent states. The SCS with three different phases was considered to produce superposition of three photons [24] . Furthermore, the SCS with four different phases was proposed in a microwave cavity quantum electrodynamics (CQED) of bang-bang quantum Zeno dynamics (QZD) control [25] , using initial even coherent states. Recently the SCS with up to four different phases was implemented in a CQED architecture, using off-resonant interactions between a waveguide cavity resonator and a superconducting transmon qubit [26] . On an application, encoding a logical qubit in a SCS with four different phases was proposed to protect the logical qubit against relaxation [27] . Moreover, SCSs with different amplitudes was proposed to generate mesoscopic field state superpositions, e.g., (|4 + |4i + |3e i5π/4 + |0 )/2, where the complex values in the kets represent different amplitudes of coherent states [28] .
In this paper we study the SCS with four different phases, which is referred to as a four-headed cat state (4HCS). The 4HCS manifests more interference in its phase space distribution than an even coherent state, and it is thus interesting to investigate its nonclassical properties in detail, partcularly using the nonclassical measures including sub-Poissonian statistics, negativity in phase space, and degree of entanglement potential. We show that entangled resources employing 4HCSs can enhance resolution in phase estimation in the regime of small average photon number. Furthermore we propose a modified entangled state that can provide the enhancement of the phase estimation even in the regime of large average photon number with photon loss. This paper is structured as follows. In Sec. II, we introduce the SCS with four different phases and investigate its nonclassical properties including sub-Poissonian statistics, negativity in phase space, and entanglement potential. In Sec. III, we propose to use an entangled state produced by injecting the 4HCS into a beam splitter for phase estimation in Mach-Zehnder interferometer and demonstrate its advantage over the entangled state by the 2HCS in the regime of small photon number. Furthermore, we introduce a modified entangled state to observe the enhancement of phase sensitivity in the regime of larger photon number even with photon loss. We summarize our main results in Sec. IV.
II. NONCLASSICAL PROPERTIES OF 4HCS
The SCS comprising N coherent states of the same amplitude α but evenly-distributed phases 2π 
where M N (α) is the normalization constant. The component state |N · n in the second line of Eq. (1) is a Fock state of number N n. For each N = 2, 3, . . ., the SCS is an eigenstate of the N th-order annihilation operator, i.e.,â N |C N (α) = α N |C N (α) . For N = 2, the SCS is an even coherent state (|α + | − α ), which is also called two-headed cat state (2HCS). Here we are interested in a superposition of coherent states with four different phases (N = 4) referred to as four-headed cat state (4HCS). This corresponds to
with
Below we investigate the nonclassical properties of the 4HCS in comparison with the 2HCS.
A. Sub-Poissonian statistics
We first examine an observable nonclassical effect, i.e., sub-Poissonian statistics characterized by the Mandel Qfactor, Q = â †2â2 â †â − â †â . For the 4HCS, the relevant mean values are given by
The negativity of the Mandel Q-factor appears in a specific region of |α|, i.e., between 1.772 and 2.507, as shown in Fig. 1 . On the other hand, the 2HCS does not exhibit sub-Poissonian statistics for any |α| [29] .
B. Wigner distribution
We then investigate the phase-space distribution of 4HCS. The Wigner distribution W (β) of a single mode state ρ can be given by the Fourier transform of its characteristic function C(λ) = Tr{ρD(λ)}, where (2), we obtain the Wigner distribution of the 4HCS as
where A ± = 2(αβ * ± α * β), and C ± = 2(αβ * ± iα * β). In Fig. 2 , we show the Wigner distribution W (β = x + iy) of the 4HCS for α = |α|. The negative region of the Wigner distribution increases with |α|, which also accompanies more pronounced multiple interference. To quantify the non-classicality of the 4HCS, we evaluate the negative volume in phase space, which is defined by
. We find that V N increases with |α|, as shown in Fig. 3 (a). In comparison with the 2HCS, the V N of the 4HCS begins to surpass that of the 2HCS above |α| ≈ 1.2.
C. Entanglement generation
For another nonclassical property, we investigate the entanglement potential of a given state [30] . That is, we evaluate the degree of entanglement for an entangled state that is produced by injecting a 4HCS into a 50:50 beam splitter, with the other input in a vacuum state. The degree of entanglement is given by von Neumann entropy for a pure bipartite state as [32] . After the beam splitting operation, the output state is given by where A = α/ √ 2, and
Note that |B i are orthonormal, i.e., B i |B j = δ ij (i, j = 1, 2, 3, 4). In order to simplify the calculation on the degree of entanglement, we have reformulated the non-orthonormal basis into the orthonormal basis. In Fig. 3 (b) , we plot the degree of entanglement for the entangled state that is generated by using a 4HCS, compared with the entangled state by an 2HCS [33] . In the regime of small |α|, the coefficients (m 2 , m 3 , m 4 ) are close to zero by considering the exponent up to the first order, so the degree of entanglement is negligible. In the regime of large |α|, however, all the coefficients become equally weighted so that the degree of entanglement is maximized to 2. Therefore, the degree of entanglement by the 4HCS starts to surpass that by the 2HCS in an intermediate regime of |α|.
III. OPTIMAL PHASE ESTIMATION
In this section we study an optical phase measurement and investigate its sensitivity to beat the shot-noise limit [34, 35] by using a 4HCS. The phase sensitivity of a phase measurement can be obtained by considering a MachZehnder interferometer, which is designed to estimate the phase φ between two optical paths. We show here that we can enhance the measurement sensitivity by employing the 4HCS as an input to the interferometer.
The optimal phase estimation may be addressed in terms of δφ c ≥ 1/ F Q , where F Q is the quantum Fisher information for a single-shot measurement [36] . It is previously known that the phase estimation employing an 2HCS performs better than that any other states (e.g., NOON state) or measurements (e.g., photon number parity measurement) under the same energy constraint [23, 37] . Thus we here compare the 4HCS with the 2HCS as a resource to phase measurement and demonstrate the advantage of using 4HCS. We also propose a modified entangled state from the one by 4HCS, which can further enhance the phase sensitivity even in the presence of photon loss.
A. Four-headed cat state
Here we consider the 4HCS and the 2HCS under the same average photon number as a resource to generate an entangled state. The entangled state is produced by injecting the 4HCS (2HCS) and an additional coherent state into a 50:50 beam splitter. The resulting state is used as an input to the Mach-Zehnder interferometer to estimate the phase difference φ between two optical paths, the quality of which can be quantified by the quantum Fisher information.
Injecting the 4HCS |C 4 (α/ √ 2) and a coherent state |β/ √ 2 into a 50:50 beam splitter, we obtain an entangled state ) for β = α (blue dashed), α/2 (red dotted), α/4 (purple dot-dashed), 0 (green long-dashed), and entangled states by the 2HCS (black solid) with an additional coherent state (| α √ 2
). The classical limit is given by a coherent state (red solid).
where B ± = (β ± α)/2, D ± = (β ± iα)/2, and M e = M 4 (α/ √ 2). Then, applying a phase shift operation to one of the optical paths |ψ out = (I ⊗ e iφb †b )|ψ in , the quantum Fisher information is given by
where |ψ out = ∂|ψ out /∂φ. We obtain
The average photon number for the input mode a is given by N av = ψ in |â †â |ψ in = | ψ out |ψ out |. For the 2HCS, we consider only the case in which the additional coherent state is fixed as |α/ √ 2 . Then, an entangled state is produced by injecting the 2HCS |C 2 (α/ √ 2) and a coherent state |α/ √ 2 into a 50:50 beam splitter, which yields |α a |0 b + |0 a |α b previously studied in [23, 37] . After applying a phase shift operation to one of the optical paths, we obtain the quantum Fisher information [23] 
where
2 ). The average photon number for mode a is given by N av = |α| 2 /M 2 . We examine how the coherent state β/ √ 2 injected as the other input into the beam-splitter can be adjusted to the optimal phase estimation by the 4HCS, in order to beat the optimal phase estimation by the 2HCS. In Fig. 4 , we plot the phase sensitivity as a function of the input energy N av , for the cases of the 4HCS and the 2HCS. In the regime of β α/2, we see that the 4HCS gives the enhancement of the optimal phase estimation over the 2HCS within the small average photon number N av < 0.7. Note that the classical limit of the optimal phase estimation is obtained by replacing the 2HCS with a coherent state, as shown in Fig. 4 . The enhancement regime of the average photon number is rather small, and we next investigate another input entangled state to enhance the phase sensitivity in a larger regime of N av .
B. Modified entangled state
We here propose a modified entangled state to enhance the optimal phase estimation in the regime of N av > 1. Similar to the entangled state produced using the 4HCS, the modified entangled state may be proposed as
|α| 2 cos ϕ cos(|α| 2 sin ϕ)}] and ϕ ∈ [0, 2π). After applying the phase shift operation to the input state |ψ out = (I ⊗ e iφb †b )|ψ in , we evaluate its quantum Fisher information with the quantities
where Φ = ϕ + |α| 2 sin ϕ. The quantum Fisher information of the modified entangled state has a symmetry about ϕ = π, so we consider the parameter ϕ in the range of [0, π]. In Fig. 5 , we plot the optimal phase estimation as a function of N av , for the modified entangled state in Eq. (10) and the entangled state by the 2HCS. We see that the new state provides the enhancement of the optimal phase estimation over the entangled state by the 2HCS, even in the region of N av > 1. The regime for the improvement of the phase sensitivity is shifted into a larger N av as the parameter ϕ decreases from π to 0, e.g. i.e., |α + |αe iϕ + |αe i(ϕ+∆) , the optimal phase estimation can further be enhanced. For the superposition of three different coherent states, the detailed calculations are given in Appendix. One can also expect to improve the phase sensitivity even more, using the superposition of coherent states with N different phases (N > 3).
The modified entangled state in Eq. (10) can be produced by a conditional phase shift (CPS) operation on each output mode after the 50:50 beam splitting operation, as |α |0 + |0 |α
where the conditional phase shift operation is implemented byĈ ≡ I ⊗ |H H| + e iϕâ †â ⊗ |V V |.
where |± = (|H ± |V )/ √ 2.
C. Optical loss
As a final consideration, we show that the modified entangled state in Eq. (10) is useful to enhance the optimal phase estimation even in the presence of optical loss. For simplicity we assume that each mode experiences the same degree of vacuum noise, which can be modeled by a beam splitter acting on each mode with the same transmission coefficient [23] . For a mixed state, the quantum Fisher information can be obtained by the diagonalization of the mixed state [38, 39] as
where λ i and |λ i are the eigenvalues and eigenvector of the mixed state ρ ab = i λ i |λ i λ i |, and |λ i = ∂|λ i /∂φ. We perform a phase shift operation on one of optical paths in the input entangled state of Eq. (10) 
where 2) , and
. α and ϕ are restricted to the condition, |α| = π/ sin ϕ, to satisfy the orthogonality of eigenvectors. Due to a symmetry about ϕ = π/2, we consider the parameter ϕ in the range of [0, π/2].
In the case of the 2HCS (|a + | − a ), after the same procedures, the eigenvectors and eigenvalues of the output state are given by
, In Fig. 6 , we plot the phase sensitivity with loss as a function of T , for the modified entangled state compared with the entangled state by the 2HCS. Under the same average photon number N av , we find that the modified entangled state can enhance the optimal phase estimation even in the presence of the loss. The range of T for the enhanced phase estimation increases as the parameter ϕ increases from 0 to π/2: T = 0.79, 0.69, 0.62, 0.55 for ϕ = π/10, π/6, π/4, π/2, respectively.
IV. CONCLUSION
We have studied a four-headed cat state (4HCS), which is a superposition of four coherent states, in view of nonclassical properties including sub-Poissonian statistics, negativity in phase space, and entanglement potential. We find that the 4HCS is more nonclassical than a two-headed cat state (2HCS) especially in the regime of |α| > 1 with more pronounced structure of multiple interference. We have then proposed to employ the entangled state produced by the 4HCS for the purpose of phase measurement and shown that the 4HCS provides the enhancement of the phase sensitivity over the 2HCS in the regime of small average photon number N av < 0.7. In order to get a better performance in the regime of larger N av , we have also proposed a modified entangled state (|α |0 + |0 |α + |αe ϕ |0 + |0 |αe iϕ ), which yields an improved performance over the entangled state (|α |0 + |0 |α ) generated by the 2HCS. The enhanced regime of the optimal phase estimation has been shifted to a larger average photon number with the parameter ϕ decreasing. Furthermore we have shown that the optimal phase estimation employing the modified entangled state can be better than that employing |α |0 + |0 |α even in the presence of loss. A future work can possibly consider other types of entangled states, e.g. an arbitrary photon-number entangled state in a finite dimension [40] , a broad class of non-Gaussian entangled states known to be useful for quantum information processing.
